We propose a gravitation theory in 4 dimensional space-time obtained by compacting to 4 dimensions the five dimensional topological Chern-Simons theory with the gauge group SO(1,5) or SO(2,4) -the de Sitter or anti-de Sitter group of 5-dimensional space-time. In the resulting theory, torsion, which is solution of the field equations as in any gravitation theory in the first order formalism, is not necessarily zero. However, a cosmological solution with zero torsion exists, which reproduces the Lambda-CDM cosmological solution of General Relativity. A realistic solution with spherical symmetry is also obtained.
Introduction
Someone could ask: "why are some people looking for alternatives to Einstein's General Relativity?" After all, two theories describe very well all natural phenomenons, at the level considered nowadays as fundamental, at all scales which are technologically attainable: from 10 −26 s (e.g., at LHC) to 10 17 s (the cosmological scale) These theories are General Relativity (GR), describing classical gravitation (a 101 years old theory!), and the Standard Model (SM), for electromagnetic and nuclear forces (which is a good 45 years old.). No experiment or observation have contradicted any of both theories ... at least up to now.
Despite of this, the reader may perhaps find, in the following considerations, some justification for pursuing the search for alternatives -apart the somewhat obvious observation that, one being classical and the other quantum, something has to be done in order to reconcile these two theories.
GR in the first order formalism
Let us recall that in the original metric formalism GR is described by one tensor field g µν (x), the metric, and by two parameters: the Newton constant G and the cosmological constant Λ. An equivalent description of GR is provided by the so-called first order formalism, where field equations are of first order. Let us consider a space-time of dimension D, with coordinates x = (x µ , µ = 0, · · · , D − 1) and metric g µν (x). The objects are differential forms f µ (x)dx µ , f µν (x)dx µ dx ν , etc. The basic fields are 1. A pseudo-orthonormal basis for the 1-forms ("covariant vectors") given by the "D-bein" forms
where η IJ := diag(−1, 1, · · · , 1) is the Minkowski metric, i.e., the invariant quadratic form of the Lorentz group SO(1,D-1), and g µν is the matrix inverse of g µν = η IJ e I µ (x)e J ν (x). 2. Lorentz connection 1-forms
defining the covariant derivatives. E.g., for a Lorentz vector v I (x): Beyond invariance under the space-time diffeomorphisms (or general coordinate transformations), the theory is assumed to be invariant under the local Lorentz transformations -which constitute the gauge group of the theory.
The Einstein-Palatini action is the integral of a D-form, which, in the D = 4 case, reads
where R One may already note a reason for looking beyond GR: The cosmological term in the action (3) may be put here or not, at will. Only observation [1] tells us that it must be present 1 , with a positive value Λ ∼ 10 −35 s −2 for its coefficient. Moreover, the cosmological term is one of the many terms which may be put freely in the action, using the metric defined above, such as higher powers of the Riemann tensor and torsion terms. This means a lack of necessity and uniqueness.
(A)dS Chern-Simons theory for 5D gravity
A more restrictive theory may be found in odd space-time dimension, as we shall see now 2 . Let us consider a space-time dimension D = 5. Doing as in dimension 4, we would get an action with terms e∧e∧e∧e∧e, e ∧ e ∧ e ∧ R, e ∧ R ∧ R, written in symbolic form, each of them being multiplied by a free coefficient. Moreover, as in GR (see preceding Section), more Lorentz and diffeomorphism invariant terms may be added. However, let us impose the larger local symmetry group SO(1,5) or SO (2, 4) , namely the local D = 5 de Sitter or anti-de Sitter group, denominated by (A)dS, which contains the Lorentz group SO(1,4) as a subgroup. The corresponding invariant action reads
S matter is the part of the action describing matter and its interaction with the gauge field A M N , whereas the integrand of the first term is the (A)dS Chern-Simons (CS) 5-form
where
P N is its "curvature". The indices M, N, · · ·, run from 0 to 5. Recall the basic property of the CS form (written here according to the present group choice):
We can interpret this CS theory as a D = 5 gravitation theory, writing a basis for the (A)dS Lie algebra in terms of the 10 generators of the Lorentz group, M AB = −M BA , and the 5 "translation" generators, P A . Indices A, B, · · ·, run from 0 to 4. These generators obey the commutation rules
η AB := diag(−1, 1, 1, 1, 1) is the D = 5 Minkowski metric, and the parameter s takes the values ±1 for the SO(1,5) de Sitter, respectively SO(2,4) anti-de Sitter group. The expansion of the (A)dS connection in this basis is written as
where l is a parameter of dimension of a length, necessary in order to match the dimension of the 5-bein forms e A ( [length] 1 ) to that of the Lorentz connection forms ω AB ( [length] 0 ).
With this notation, the gravitational part of the action (4) reads
is the Riemann curvature 2-form associated to the Lorentz connection ω.
This leads to the field equations δS
is the torsion 2-form, and
The energy-momentum 4-form T A := S . matter /e . A is related to the energymomentum components T A B in the 5-bein frame by
This is the theory. Is it better than GR? One aspect of it apparently makes it "better". Bañados, Garay and Henneaux [4] have shown that, in a class of theories including the present CS theory, the invariance under the time diffeomorphisms follows from the invariance under the space diffeomorphisms and (A)dS gauge invariance. This means that, in a canonical quantization [5] of the theory (e.g., in the framework of Loop Quantum Gravity [6] ), the constraint associated to the time diffeomorphisms -which represents the main difficulty in the quantization program of GR [7, 6] -is a mere consequence of the constraints associated to the space diffeomorphisms and the (A)dS gauge group.
A second interesting aspect, already at the level of the classical theory, is the fact that the CS action (8) is uniquely defined by the invariances under diffeomorphisms and the gauge group (A)dS, in the absence of any a priori given exterior metric. That is, the gravitational part of the action depends on the unique dimensionless coupling constant κ in (4) and on the dimensional scale l which we had to introduce in the expansion (7) .
Third, the theory should at least reproduce the good results of GR. We are now going to discuss this in the next Section. (11)). In terms of four dimensional spherical coordinates r, θ, φ, χ and of a time coordinate t, they are given by the metric
This is the de Sitter (s = 1) or anti-de Sitter (s = −1) metric, with the cosmological constant identified as
We already see, and this will be confirmed by more physical examples in the following subsections, that the presence of a cosmological constant is a prediction of the theory, a consequence of the necessity of the dimensionfull parameter l in (7).
Kaluza-Klein compactification to D = 4
We see our world as a 4-dimensional, de Sitter Universe at large scale. Hence let us choose the topology of 5-dimensional space-time such as it factorizes as M 4 × S 1 , with M 4 "our" 4-dimensional space-time and S 1 its compact subspace parametrized by the 4th space coordinate χ, 0 ≤ χ ≤ 2π.
All fields being periodic functions of χ, a Fourier expansion yields all the "Kaluza-Klein modes". We shall restrict in the following to the zero modes, i.e., to solutions independent of χ.
Cosmological solutions
The usual assumption of an isotropic and homogeneous 3-space yields a metric of the FLRW type,
(in the case of a flat 3-space) which may be obtained from the 5-bein
We are assuming a zero torsion T A and a constant compactification scale e 4 χ = R, hence g χχ = R 2 as in (15). Matter will be represented by dust in physical 3-space, i.e., a perfect fluid with zero pressure, described by the energy-momentum tensor (see Eq. (12))
The factor 1/(2πR), equal to the inverse of the compact subspace "volume", takes into account that T 00 is the D = 5 energy density, whereas ρ is taken here the D = 4 energy density.
The set of field equations (10) is automatically satisfied by our assumption of zero torsion, whereas the set (9) reduces to three differential equations for a(t), ρ(t) and λ(t). Two of them are equivalent to the usual Friedmann equations [8] for the scale parameter a(t) and the energy density ρ(t) (for zero pressure):
The third equation gives the "fifth dimension pressure" in terms of the scale:
The following identifications of the coupling constant κ and the length scale l in terms of the Newton constant and the cosmological constant,
have been used in order to arrive at the standard form (18) of the field equations. With the big-bang boundary condition a(0) = 0 this yields the known ΛCDM solution, the compactification scale R remaining arbitrary. The parameter λ(t), calculated from Eq. (19), turns out to obey an equation of state
Solutions with spherical symmetry
We again assume the torsion T A to be zero. Assuming spherical symmetry in 3-space with coordinates r, θ, φ, we write the most general stationary metric as
We still assume that the χ-part of the geometry is independent of the localization in 3-space, namely:
and look for vacuum solutions. The "vacuum" is defined by the 4-dimensional part of the energy-momentum tensor being vanishing, keeping a possibly nonzero "5th dimension pressure" λ:
Using a 5-bein reproducing the metric (22), with (23) taken into account:
we get the following solution of the field equations:
(25) The metric is thus of the Schwarzschild-de Sitter type in 4D subspace-time, with Schwarzschild mass µ, which is an integration constant, and with a fifth compactified dimension of arbitrary scale R.
The 5D energy-momentum tensor is not zero: there appears a nonvanishing fifth dimension pressure λ(r) decreasing as 1/r 6 . This is the prize to be payed in order to have a non-trivial solution.
We finally note that the special case of a vanishing mass µ represents a D = 5 space-time factorizing in a 4-dimensional (A)dS space-time -of constant curvature and zero torsion -and a circle of arbitrary radius R. In this case, the "fifth dimension pressure" vanishes.
Conclusions
We have shown that the simplest possible model of gravity based on a ChernSimons theory for the gauge group (A)dS together with Kaluza-Klein compactification can be considered as phenomenologically viable. An interesting feature is the necessity of a cosmological constant from purely algebraic ground: there is no possibility of replacing the (A)dS group by the Poincaré group.
More details will be published elsewhere [9] .
